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MODELS OF RAIl ROADPASSENGER-CAR REQUIREMENTS
IN THE NORTHEASTCORRIDOR: AN APPLICATION
01 SESAME
By ROB1:RTF0URIR,* JtJl)ITIIB. GRTI.ER,t
AN!) Ho\vARo J.StMkovirzt
We consider a general problem of determiningoptr na/ car allocatiolis given a.fiscd schedule
and predetermined demands. Requirementsfor car ntoren;ents are modeled as a set oflilieS,
constraints hating a transsliipneitt structure,and alt ernaloe linear objet ttisu artjorinuluteJ
I 'arious opt jnti:atiofl techniques aredeveloped for one or more objet tites and propertiesof the
set c of optima! solutions aredeinonstra ted. The model and optimia liontechniques are applied
Ii) projected rail service in the:\ori/ieast Corridor 'Hi,ston. 'sew Yorh.Philadelphia, Washing-
ton); derivation oa scheduleand demands are e'xp/auu'd. and results of anumber il oJirnni:a-
listS i(Hid w:ali''es are displayed.
In 1973 Congress passed theRegional Railroad ReorganitationAct,
which became law on January 2,1974. This complex piece olegislation
called upon the U.S. 1)epartmentof Transportation to improve passenger
rail service in the NortheastCorridor, which extends fromBoston,
through New York and Philadelphia.to \Vashingtofl.D.C. Subsequent
planning for the improved serviceincluded engineeriilg studies,financial
analyses, and demand projectionS11,2,61.
The research describedherein began as an attempt todetermine the
minimum number of passenger carsrequired to serve the NortheastCorri-
dor, given previously_determinedschedules and estimates ofdemand. This
is naturally viewed asaproblem of constrainedoptimization. When the
constraints imposed by demandand operating practices wereexpressed
mathematically as equations andinequalities, the problem was seento be
an instance of afairly general transshipment structure,as described in
Section 1 of this paper. Such a structureis not specific to theNortheast
Corridor, or to the movement oftrain cars (an application tolocomotive
requirements. for example, isgiven in §1.7). In addition,the constraints
may be regarded as afairly simple linear program. towhich a feasible
solution is easily found bystandard methods.
Further analysis revealed thatminimizing cars is but one ofseveral
Models and computer routines describedin this report ssere des doped Cit theComputer
Research Center o[the National BureauofEconomic Research. under contractDOT-TSC-
1179-Ifrom the Transportation Sstenis Center.U.S.DepartmentofTransportation.
*National Bureau of Economic Research.Computer Research Center forEconomics
and Management Science.57Technolog Square. Camhridge.MA 021 39.
tTransportation Sstems Center.U.S.DepartnicntofTransportation. Kendall Square.
Cambridge.MA 02142.
367/ desirable Objectives, and that eachsuch Objective mas heviewed
measure of cost of a particular kind: operatingCost per mile, forexaniple or capita I Cost. (onsequen lv, it was ilecessarsto develop anapproach i 0101 iiui'.ig the "total costassociated sitti two or Wore objectives
given a knos ledge of the costs' relative magnitudes. Thiswork is deselihedin Section 2: in uch of it is applicableto linear programs geiierallvMorcI)ser the desired optimal solutionscan he found huse of a standard"piri. metric'' algoritli n common! emplo\ ediii iiiiear program in 01g.
The remainder of this paper describes hosthe transshipmentlii()(Icj was used to investigate rail service in the NortheastCorridor Iorpur- poses of demonstration, a hypothetical case representingservice on a hs
day in 1982 was chosen as a basis foranalysis. Base data for thiscase vere
estimated by the means describedin Section 3. These data wereineorpora.
ted in an appropriate insta nec of the model.s hich was solved andaria-
lyted by' use of NBE k's S ESA M F interactivelinear programIiirigSystem [3,7,8] and supporting computerroutines. Details of this baseruni, and
sonic numerical results. are given in Section 4.
The base rut was riot intendedas a thorough analysis of 1982Corri dor service, but as a testcase to prepare the v av for furtheranalyses Corlipilation of the base data, forexaniple, led to developmentof tech-
niques that are now available for more extensivestudies. Output fromthe base run revealed Some specialproperties of the Corridornetwork which in turn might be exploited in subsequentmodels (see, for example,§4.5 below).
In addition, application of themodel requires an integratedset of
interactis'e computer routines. Thesewere developed and tested forthe base run and are availableto others via the N BERNETand TYMNET
netssorks. Instructions foruse of the computer routinesare given in ]5j.
- FoRluiATJoN OF TIlE MODEl
It is desired to allocate"ears" of some sort ina transport network, subject to a lixed scheduleand known demands forservice. This section
specifics the nature ofsuch a network and therequirements that must be met by any feasible allocationof cars. To keep thediscussion reasonahls
concrete, the model is describedin terms of the railroad network that
fliotivated it.
An informalstatement of the problemoccupiesl .1The constraints are then formulatedmore precisely', firstasa transshipment network (l .21.3), then as a linearprogram(*1 .4) to which the simplex method may he applied.
The remainder ofthe sectionis concerned withextensions of the
36$s
original problem to model corridor service with tu rnaoiiiid delays (l .5),
h upper limits on traiii sizes (I .6), and locomotive requIrements (l .7).
lvCII
in § I. I.Statczne,u oft/u' ('onst,aint.c
A uniform fleet of passenger cars provides railroad service toa set of
cities. Service is offered by means of a set of scheduled "trains", eachcorn-
prisirig one or more cars and running between a given pair of cities. At
ptir- any given time, each ear in the fleet is either part of sonic currently run-
ning train, or is sitting in storage at one of the cities.
Two requirements constrain the size and deployment of the fleet:a
fixed schedule, and known demands for scheduled trains. 0ra-
ma- Fixed schedule.The schedule lists all trains that depart in a chosen
tern schedule-period (a day, tr exaniple). During the schedule-period,every
and scheduled train must be run, carrying one or more cars.
It is assumed that each schedule-period is followed immediately by
orri- another, identical schedule-period. Moreover, the same service is to be
ses. provided in every schedule-period: that is, the same schedule must herun,
ech- with the same allocation of cars to cities and trains.
the Each entry in the schedule specifies a city of departure anda city of
hich arrival, and corresponding departure and arrival times. In general,a train
§4.5 may arrive (luring the schedule-period (e.g., day) of departure, or during
any subsequent period. For simplicity, however, itis assumed here that
of CVCIV train arrives either in the same period, or at an earlier time in the
the next period. (If the schedule-period is a day, this just says that a train
ET arrives either the same day that it leaves, or the next day; and that every
trip lasts less than 24 hours.)
A car that arrives at city c at time i is free to leave c in any scheduled
train that departs at t or later. (Stopover delays at the arrival cityto dis-
charge and board passengers, for example- are considered part of the pre-
ceding trip, and are reflected by adjusting the arrival time in the schedule
accordingly.)
Deniwzds.For each scheduled train there is a known detnand which
must be met; hence there is a miniinuni number of cars required in each
train. A train may be larger than its minimum size, however, it' circum-
stances require that extra (deadhead) cars be shifted from one city to
another.
Table I shows a schedule and demands for a siinp Ic 2-city instance of
this problem. Total demand from A to B requires 22 cars, while only 20
cars are required from B to A: consequently, in any lasihle solution at
least 2 extra cars will have to be deadheaded from B to A so that the stock
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§1 .2. I-ormulatwn As a I ransclupnient :\etcürk
The train schedule is conveniently represented as a directed network
whose unit of flow is one car. Nodes of the network correspond to the
potential arrival or departure times at each city. A res represent the move-
nient or storage of cars over time.
More specifically, partition the schedule-period into r uniform inter-
vals beginning at tinles 0, I.....T -I - (Ii the schedule-period is a da.
time (could be the beginning of the ith minute of the day.) Describe each
train in the schedule by a departure city c. a departure time t ë 0....
1' - Ian arrivalcityc', and an arrival time iE0------- l. Clearh
the schedulemayhe made as precise as desired bychoosingT stitlicicntl
large.
I)eljne one node in the network for each time in each cit. Ii thereare
4citics and 1440 partitioning times, for example. thei1ctork has 4 x 1440
nodes-
Connect the nodes by ares of' twotypes, representing cars in storage
and cars in trains, respectively:
Storage arcs.'or each city, run an arc from the node lr each time 1
to the node t'or the next time, (F± 1) mod T. The how aloiig such :10 lIft
represents cars held in storage at thecityduring the interval that begins :0
time 1. (The last time, 7- I, is coilnected to the first lime. 0. since the last
3?()

















2interval of any scheduk-period is followed immediately by the lir;tinter-
val of the next period.)
iraw ares.For each scheduled train, run anarc from the node rep-
resenting the city and time of departure to the node for the city and time
of arrival. Flow along this arc represents cars moving fromone city to
another in the scheduled train.
Flow around the network is constrained by the nature of the prob-
iCft, in the following ways:
Conservation oJJIow.Since the fleet size is fixed, the number of cars
in storage during interval i at a given city must equal the number instor-
age in the interval immediately before, plus the number that arrived at
timet,less the number that departed at I.Equivalently, the net float
every node must be zero: the network is built entirely of transshipment
nodes.
Aonnegativu.Allflows must be nonnegative. This amounts to re-
quiring that trains cannot move backwards in time.
Integrality.Since cars are indivisible units, all flows niust he inte-
g raL
Sails/action of demand.The flow on each train are must he greater
than or equal to the number of cars needed to mccl demand for the train.
Demand thus places a lower limit on each arc. These lower urn itsare what
force a positive flow around the network: they play the role ofsources and
sinks in more conventional transshipment-network formulations. (Indeed,
an equivalent transshipment network without positive lower limitsis
easily constructed. One adds an appropriate sink for each departureat a
node, and a source for each arrival.)
The network equivalent of Table l's example is shown in Figure I.
§ 1.3.Reducing i/ic Network
If no trains arrive at or depart city c at timet,the node for c attis
connected to the rest of the network by only two storage arcs:an incoming
are from the previous time, and an outgoing arc to the following time. The
flows on these two arcs must be the same in order to satisfy theconserva-
tion constraint. Consequently, one may remove the node and replace the
two arcs with one. Other flows in the network are as before, and remain
feasible if they were previously so: hence this transformation leaves theset
of feasible solutions essentially unchanged.


















lIgure IA ncts ork equ:valent ol the sampleproblem. The dais divided intO 724 inter- so that there k a node at each Cityat each hour
work of minimum size forthe problem. Figure 2 showsa reduced network of this sort, for theproblem of Figure I. Whenthe number of intervalsr is quite large (the numberof minutes ina day, for instance), reducingthe network to active nodes isimperative if the networkis to he keptto a manageable size. Allcases run in the studies discussedlater in thispaper employed reducednetworks.
It is possible toformulate the reducedproblem directly, interms of finite subsets ofactive tinies, onesubset for each city,chosen frorii the interval fO, T). Topromote simplicity ofnotation, however the resultsof the followingsections are expressed interms of unreducednetworks.
I .4.I-or,nufa,jo,, as LinearCon slrainis











Fture 2The reducd cquivatent of the ncn; urk in Figure I
I00
ables, while common LP techniques can implicitly guarantee nonnega-
tivity, integrality, and satisfaction of demand at every feasible basic solu-
tion.
To express the LP formally, define the following sets:
C the set of cities
T = 10......- I the set of intervals into which the schedule-
period is divided
SC 1(c,t,c',t'): cC C,c'C';: ET,1' C T;cc'
the schedule: each element represents a train
that leaves city c at time t and arrives at city
c' at1'
Represent the demands by
qUiv-
there [:,i'J > 0 the smallest (integral) number of cars
flow, required to meet demand for train
van- (c,1,c',!') C S/
1:xpi'css the nodes of' the network as:
,[tJfr all (', 1 T
/
ilie diicUed arcs represeri(iiig5101ageol unused ears arc then
J
,fi]:a 11]a.Ri ± I) mod Tj fortl! C, ie
Thearcs representing movenieritofcars intrains are
ft,i'j: ajiJU[i'JioraU (e,1,e',l')S
Definean LP struetu nil variable corresponding to each arc, andrep-
resenting theulowover thearc:
u, [i] flowover'Ujt],for all e C C', ie7'
v[l,t'] flow over[1,i'] for all(e, I.e't') C:'
The constraints on network flow are expressed as fotloss:
C'onservarion 0,1 floit':
u1(i - 1) mod T]4. x,ji1,tj
(c,!ici) (S
= u.[t]+ for alle E(',t T (ccc,.12)5
Sati.sjact ion oj aeina,id:
.1:. t'I [1,1'] forall (e. 1. C',')S
Aoiinegativiij':
U,, l] ? 0 for allE C'. IC7'
Ic ]t] integral
xfi,t']integral
Nonnegati ity of the x variables isinsured by satisIiction of demand.
Given that all d,, [t.t'}are integral, a fu ndamentalproperty of trans-
shipment problems guaranteesthat every basic solutionto the above LP is an integral solution. Consequently,a feasible solution to the above prob-
lem-- and hencea feasible allocation ofcars to trainsmay he determined direetlby application of the(phase I) sim pIes method,Givenany linear
objective function the simpies method svilalso find an optimal faasihk all neat ion.
Both satisfaction of(lenlaild andnonegativjtv express SLiflplC lor bounds on the variablesConstraints of' thissort are easilhandled ni plieitiv by the simplexmethod Hence onlthe eOnservatinn.off1)s equa- tions need appearesplieitiy as rosss in the I.P.
forall e C',I C T
for all (ci,c',f') S1 .5-('orriIor Sen'ite (1111/ iurnarounr/ I)e/avs
!\ "corridor'' is a set of Cities related by a dircctk)Il:ii ordcrng thatis
complete, transitive, and irreflexive. In other words, the ctics ofa corridor
may he indexed c1,....,t,,,sueil thate, iw the giciidirection Ii0111 C1
ii and onl' if Ij. The Northeast Corridor is a corridor iiithis sense,
ordered by the relation "north ol''.
Fvery train in a corridor must run in the ordering direction. or in the
opposite direction. lor convenience, these directions are here called north
and south: they could just asvell he east and west, or clockwise and
counterclockwise. Trains are thus labeled northbound or southbound, ac-
cord ingly.
In the initial formulation, stopover delay at the arrival city is implicit
in the schedule and, therefore, itis the same for every car in a train.
Within a corridor, however, it is reasonable to specify that the stopover
delay for a car that changes direction is some number of intervals greater
than the delay for a car that continues in the same direction along the
corridor. Thus cars in a train from, say, Philadelphia to New 'Yorkrna
continue to move north, a fter a minimal stop, in a train from New York
to Boston: but cars in the Philadelphia-New York train that are to he
taken oIl and sent back to Philadelphia are delayed in New York for a
somewhat longer time. A similar "turnaround delay" is encountered in re-
suniing service after one end of the corridor (say, Boston) is reached.
Turnaround delays cannot be modeled by simply adjustingthe
schedule because, in general, Some cars in a train may continue in the
same direction, while others are detached and turned around. A simple
and feasible approach, however, is to duplicate the original network,
creating two separate but similar parts: one for northbound trains, and
one for southbound trains. Arcs connecting the two parts are added to
represent cars being turned around,
Specifically, partition the schedule into two sets S'' and S of north-
bound and southbound trains, respectively. For the northbound trains,
construct a full network as before:
for all c c- C, I C- T
(nodes representing potential arrival and
departure times of northbound trains)
cU[tJ: Q' [i]G'[(l + I) modrJ for allCC- C1C-
(arcs representing unused northbound cars
in storage at each city arid time)
[i,t']: U[t] for all (e, l,c',I') C- Sr-'



















In the snic vav, dcii ic a sepa rate network br sulit Ii hound trir ins:
111 k)r afi cf( ,I 1'
+ I)1110(1 r] ui all i(( , I C
t( [t,1']: br all (c,I,c.I)5'
Represen the number of intervals required to change a cars direction by
(5. Connect the northbound and southbound networks by i0 Sets of arcs
that represent unused ears iii storage that arc being tu rued around:
L111NSI1J: a[t]-((t + (5) mod 7] for all c C', t
(arcs representing fornierly northbound cars, in
storage at time I, tii at .% ill he switched to run
south (5 intervals later)
'U"[t]: a[i] t_(5) mod T] for all e (C. j 7
(arcs representing bormerly southhou rid ears, in
storage at time I, that will he sitched to run
north (5 intervals later)
The construction of these connecting arcs guarantees that ilorthhijund
cars reaching city c at time / must wait at least (5 intervals before thecan
he incorporated in a southbound train.
The constraints oii this expanded network arc analogousiiiever'
respect to those on the original one: flow in ust he conserved at all nodes,
all flows must be nonnegative and integral, arid demandmust he satisfied
along the XN and arcs. As before, the network has a transshipment
structure, and can be modeled by a linear program all of whose basicsolu-
tiOn are integral.
For practical purposes, one can apply the methodsof this section to
the reduced network ofl.3, to produceseparate reduced northbound and
southbound networks having a reducedset of connecting arcs.
The corridor model is not fundanientaUv limitedto the case of a
single, fixed turnaround delay. One could easilyincorporate a set of delays
that vary with time, city.or direction, by making appropriate ehang,es to
the definitions of the 'lL' and (USNarcs. Extensions of these methods might
also he applied to sets of Cities thatarc not corridors.
§1.6. Upper Limitson Train Sizes
The model developedso far insures only that each train is allocated
enough cars. Onemay also wish to specify that itis not allocated too
many. For exaniple, tile n umber ofcars in a t rai ii could he limited to twice




















levels. Stations' platform lengths might also dictate some absolutebound
Ontrainsizes.
Upperlimitsareeasily incorporated in the linear programs oF §1.4 or
§15. Define
h,[i,:']d,.jx,i']
as the maximum feasible size of the train (c,I,c',l') C S. Then the con-
straintsonthe x variablesinthe linear program are augmentedto
d,[i,i']<x.1t,1']< h..[t,i']
for all (c,z,c,t') C S.
Uppef limits of this sort do not destroy the model's transshipment
structure. Hence all basic solutions are still integral, and the simplex
method may be applied as before. Moreover, the augmented constraints
on the x variables are still siniple bounds thatcanhe handled implicitly
by the simplex method: the number of explicit rows in the LIis un-
changed.
§1.7. Mode/mg Looinotiv' Requrements
In general, the number of locomotives required to haul a scheduled
train depends on the number of cars assigned to the train. Since the nuni-
ber of cars may vary between feasible solutions, so may the numberof
I oco in oti yes.
By judicious choice of upper limits /i,[,t'1 (*1.6), however, one may
be able to restrict the size of each train (c,t,c',t') C S so thatits re-
quirement for locomotives, is fixed. Then the flow of locomotives
may be modeled in exactly the same way as theflow of cars. One simply
replaces car demands d.[t,t'1 in §*l.1--l.5 by the locomotive demands
e.[1,t'].Upper limits on the number of locomotives pulling each train
may also be imposed, in the manner of *1.6.
Any of the optimization techniques described in section 2 may be
applied to the locomotive-demand case. Many of the results expressedin
terms of cars are also meaningful in terms of locomotives.
Application of these ideas to locomotive requirements in the North-
cast Corridor is described in §4.7.
2. ORJECTI\'E FUNCTIONS
A feasible set of car allocations for the problem formulated in the
preceding sectionif such a set exists---may be determined by application
of the simplex algorithm, phase I. Given that a feasible allocation exists,
the next step is to seek an allocation that optimizes some functional in the
377.i and u variables. This paper IS concerned with In netionals ol one partieii_
larlv useful and tractable sort: linear ohectivc I tinctioi)s related to CoSts
NI mImi/tug cost is a natural ohicetmvc or anplanntng model Since
Section l's network mode!, in particular, fixes the level of service tn(l ft.
quires that all deniands he met, cost is the principal cr!termon of difference
between feasible allocations. In addlti()i1. certain classes of mini mu In-COSI
solutions may be characterized in particularly revealing ways.
Linear lunctionals have a purely practical j ustification: themay he
minimized by straightforward application of the simplex methodFor-
tunatcly, several reasonable measures of cost are proportional to linear
functionals, as shown in §2.!
Approaches to minimizing more than one linear cost Objectivearc
discussed in §2.2. The case of two objectives is developed in2.3 2.4, and
the results are applied in §2.5 to two objectives of' particular interest
For convenience of exposition, the schedule-period is hcreafler taken
to be a day. A set of solution activit!es of the x and a variables is written
(x, u), and the value of a functional 7 at the solution is Z(x, ii).
§2. I-Linear lunciwnals Representiig ( oris
There IS more than one sort of cost associated with railroadservice,
and consequently one may devise a number of linear forms thatarc pro-
portional to cost of some sort. Three funclionals of particularinfercst--
associated with capital, operating, and switching costs,respectively - are
formulated as follows:
capital cost.The daily cost of amortizing thepassenter-car fleet,
here referred to as the "capital cost", may he consideredproportional to
the number ofcars in the fleet. Hence nilnimizing fleetsize serves to nun-
iniize capital cost.
The number of cars is easily represented bya linear form. Pick any
time t, 0 < t i- - I, and sum (a) the number of cars in storage at each
city in interval t, and (b) the number ofcars in each train that is in transit
during interval 1*. This sum is the totalnumber of cars in the system at
t. For a feasible solution, this sum must be thesame at any 1* since cars
may not enter or leave the system. For convenience,taket= T ---I; then
the capital-cost objective isa ljnear combination
ZCAR= U[T- II-t- x,[z,i']
ç-.i,- j
The fIrst sum covers allcars iii storage during intervalr IThe latter
counts cars in only those trains whichdepart during one day and arrive
the next: theseare exactly the trains that are in transitduring the last inter-




Operatingcost.Costs proportional to the number ot car-miles run
in a day, here called "operating costs'', are a nother logical candidate for
miiiinhizatiofl. letting the distance from c to c'hein ,total car-miles per




Note that at any feasible solution Z11 is also a sum ot integralmultiples
of the distances Moreover, when the cities form a corridor (l .),
is a sum of integral multiples of the round-trip distances'
fli.+ ifl. ,I <J
sinCe conservation ot the flow of carsrequires that the nuniher of cars run
north from c, to c1 (luring a day is the same as the number runsouth lroni
to c1.
is also closely related to load factor. (1 iveil fixed deniands. it is
reasonable to try to maximize system load factor in order to minimize the
cost of providing service. B definition, system loadfactor is
passenger-miles / day
-seat-miles / day
(passenger-miles / da) / (seats / car)
car-miles / day
Since both passenger-miles/day and seats/car are fixed bythe probleni.
Z1 is inversely proportional to car-uiiles/day Hence minimizing
operating cost is equivalent to maximizing the system load factor.
Switching cost.For the corridor model of §1.5, one may postulate an
extra fixed "switching" cost incurred each time acar's directionisre-




The first term sums all northbound cars turned south, andthe second all
southbound cars turned north.
§2.2 ('o,nhining Measures of('ost
It was shown in §2.1 that there areseveral reasonable "costs" that are
proportional to linear functionals in the u and xvariables. As a conse-
quence, no solution thatmerely mininhizes one of these functionals is en-




























of cars (capital cost)may nonetheless employ theminetlicren(frun,,l1, theni more than thein niimum car-miles/day (operatingcost).
Sonic means is needed, therct,re.of OinizinC withrespect to in, than one cost ohiective. 1%VO methods suggest themselvescon hiring t jeclrvec So that theyarc minimized .IinuItarieijsly andordering Ohj tives so that theymay he minimized successively.
('omlthiing ohjeeth'ev.Any n objective functions/1. 7,,.-/ be combined by choosing factorsPi . .......p> 0, arid nhinjmi,j
tlh. linear combination
Zp7 + P272 ++ p/
Minimizing / tends to minimizeeach of the 7. The valueof' 7, at miij/ is, however, generallygreater than mm l,the extent of thediscrepaiic depends on the size ofm with respect to the other factors.
7 has a nautralinterpretation when there issonic costproportjwi.iI to each Z. Letp he the constant of Proportion ality,so that p, 7, isth1- cost (in dollars, say) correspondingto any given level of'7,. (If car-miks/da' lir example,P could be operating expenselfl (h)llurs/eir I mile.) 7 is thusa "total variable cost" fr thesystcand nilni/in / can be seen as minimizing totalcost.
The difficulty with thisapproach lies in determiningtrue values for the constantsp. Even small changes to thep can produce significa11t differences in the solutionto miii 7; yet, especiallywhen a livpotl1eticml system is being modeled,costs are often poorlyknown and thep, can be determined only tos ithin a wide toleranceHence itis necesstr'to trct the p1 as somewhatvariable, and to findsolutions forranges of their values. (An efficientand exhaustiveway of doing this whentotal cost is the sum oftwocosts is described in thefollowing Section.)
Ordering objectivesAnother approach isto rank the objectives minimizing Z subjectto 7......Z11 beingfixed at theirpreviously at. tamed values Onefirst computesmmZi, the ahsolutminimum value of Z1; thennun Z2 7, the minimumvalue of Z given7 mm7: then nun 73 Z2I 7. theminimum value of Z;given Z2nun Z2 and 7= mmZ1; and so firth.In general, miru7, i / is greater than theabsolute mmZ1, and thediscrepaructends to become greater as i does.
A solution tommZ, Z1 is found,in eflet, bytddi,rg a newequality constraint (Z mmZ1). The originalproblem's puretransshipnient structure is thusViotatedNeverthelessan optinual integralsolution is guaranteby the followingl'roposjt ion
Propo3,i01, I. *For any linearforrìis Z. 7 /. there isan integral basicsolution to mmZ





























Sequential optimization has the advaii tage of requiring only ipreler-
ential ordering of costs, rather than a full determination of their relative
si/cs. It is disadvantageous primarily in being less general than the "total
cost'' approach above. (Ilic two appioachct1u closclrclatcd, hsc 'ci,
as shown below in §2.4.)
§2.3.Ihe Care oj iwo Objective l'uneiio,ix
When attention is restricted to tWO cost objectives, the set ol all pos-
sible allocations can he described in a sun pie way. Moreover, the represen-
tative optima arceasilyfound by use of an algorithm for parametric pro-
granimurlg on the objective.
Denote the two objectivesbyI and 7, and their respective expenses
per unit by p and Pi. A total cost determined by I and 7 is thus p 1 +
p,/. The miuliifl 11111total cost is:
mm tp I + p,Z] = p nun [ Y ± (p,/PF)7l
= p y iiifl[-1- p I
where p = p,/pis the ratio of expenses per unit.I knee the minimum
total cost is determined entirelybythe choice oip.
The set of all solutions that can iiuin imize total cost, given some
choice of p. is characterized in the following Proposition:
I'ropositw!z 2.Let I and 7 he objectives for which miii I atid mm 7
arc finite. For any (x*, u*), define:
R.1k > 0 (x* u) minimizes I + k/I
tlieii:
(a) There is a unique sequence
0 = Po.Pi,.-. Pn- i,1.i,= ii> I;0, - I <p,,i= I,..II
and there is a corresponding set of distinct basic solutions
(x7.u7) = I.....n
SOthat
= [/),_P1 i =I .....ii
for any solution (x*, u). exactly one of' the following holds:
=
R.= Im I. for sonic(: 0.....n-I
= [p, ,p,J, for some i I.....(c) for every i =I, n
}(x',u7)
t(x7,u)t(x7, ,u,)
What do the valuesp siunily? Ihey are the tri!i(a/ rath
which the allocation ol cars must chanc to maintainoptimal totalcost
So long as p,/p stays between somep,arid p,, hoseer, a single alloct.
tion (x7,u7 ) is guaranteed optimal.
A niother way olooking at things is to note that, ateriticil point
= P1,
F(x7,u7) + p1t(x7,u7) =}'(x7, ,u7)-f p,/(x7, .u',)
v hich niay he rewritten
p1Y(x7 .u7H) - }(x7,u7)J= p,EL(x7, u7) -- /(x7 ,u7)l
Proposition 2(c) sa s that changing from(7 u7) to (x7, ) jVCS
tradeoff: Z decreases while F increases.At the critical point, theadded
cost front the increase in F (lell sideof above equation) equalsthe cost
saved by decreasing / (right side).At p< p. the saved cost does tim
make up the added cost, andSO (x7 , u7 )is prel'erable: at pp. the saved cost more than makesup the added cost, and hence (x7, ) k better.
The eritical ratiosp, arid solutwii5 (x7, u7 ) are eastiv found by ap-
plying the standardparametric algorithm to the objective.In converition:il terms, I is the "baseobjective" and / the "changeobjective''The algorithm starts witha Solution lr miiiF, and "parameter'p at 0. Suc- cessive pivots either leavep unchanged, or step it toa necritical vjle that is generallyone of the critical ratiosp,: the basis just heftre the step to p, is (7, u7). Thealgorithcri terminates whenitfiiids a solution that is optimal for allparameter values greater thansonic critical value: thh Solution is (x, ufl, andthe critical value isp
In sonic instances,the parametric ;tIgorithnidentifies a supposed critical ratiop. such that
u7)= }(x7, u )
/(x7,u7)= Z(x7,u1)






§2.4. ('onditional Optima jarthe(:se oJiwo Objectives
Thesolutions (x,u7 ) derived in lroposition 2 alsohavean interpre-
tation intermsotmiii/Y, miii V7,and other condit on:d opt ma
This is shown in the following Proposition:
/}dt
Proposition 3.The solutions(x, u)defined in Proposition2 have
lIt)ca- the Following properties:
(x, u' )minImizes I
(x,u) niininiizes ZII point
(x7 ,uflminimizesZ
(x,u)minimizes Y Z
(e) (x7,u7) minimizes Z ( V +pZ) whenp
tori=I n
(x7,u7 )minimizes I I( V + pZ) when p,<p p1
for i=I a
Proposition 3(a) sas that nhinimiiing Y 7 yields the best solution when
p =p,/py is small enough. Inotherwords, when pis siiflieientiv large
Ives a relative to p,Vdominates the total cost: the bestsolutionisonethat
iddd minimizes V outright, then Z as much as possible. Proposition 3(h) makes
Cost the equivalent statement for the case wherep =p,/pis sufficiently large P
not that Z dominates total cost.
the Note that if a > 2 there is atleastone middle region of p where the
is best solution mininlizes neither V nor Zabsolutely. When a =2. the
optimal solutions for total cost minimize either 1 7 (for p < p ) or
y ap. Z
IY (for pPi ). When a=1, there is a single solution that minimizes
onal bothV and 7 absolutely, and hence minimizes any V + p7.
The
Sue- §2.5. TradeoJfbetweei Capita! and Operating ('asic
ilUc
Of special interest isapplication ofthepreceding section's results to
stcP lunctionals ZCAR and ZiLi., defined in §2.1 as proportional to notions
ithat of capitalcost and operatingcost,respectively.1 otalvariablecost with
iS respect tothese twoobjectivesis





Z.iiir = Car-miles / day
The choice of a solution thatinininiizestotalcostdepends upon
PCAR/PMILE. the ratio ofcapitalcost/day tooperating cost/mile.
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I
Ihe critical ratios for this problem have a specialtorn re!atl.(Ito theinter-citydistances, as demonstratedby the folloiiig Propo(Oil
Propo.sitioii 4.(a)Jo r objectives oft he 10 mi
-- (p. /u )(AR
the critical ratios of= P(.tR /P.iiii (as deli ned in Proposition
the form
P=
where n .areintegers, and K is a positive in tergerSatisfying:
A < Z(.\R(x7,U7)ZCAR(x7f1,u*+I)
(h) If the cities constitute a corridor (l .5)ordered e...cthen
tinder the assumptions in (a) the critical ratioshave the Form
p1 = .+ m,..)
K
I';
where are integers, and K is a positive integer satisf'ing
the inequality
in (a).
Proposition 4 offers a characterizationof the critical ratios forZ and Z.R. At ratiosP = PC,.\R/Piiir such that Pi adding cars to the system makes possiblea net saving of incar-miks/thiy So bug aspCR/pILF> p, however, the l)roPositionrnplies that
APC.\R >
The cost of addingK cars (bell-hand side) isgreater than the cost saved by the reduction incar-miles (right-hand side),and hence adding thecars is uneconomical ForPCk/P5liui < p,, the inequalitis reversed, so that total cost is less whenthe cars are added WhenPC..\R/PMILF = p,, however
= (cchh'ce)Piui F
Hence p, is the ratioof capital tooperating expense at whichthe capital cost of adding cars isexactly balanced bya resultant saving in Operating CO St.




















3. B.su DArA Foli. i,iNoRr!iIAsiCRIIDoR
As a demonstration case, the generaltransshipment structures as
applied to anticipated Northeast Corridor servicelr f92. this sectiOn
describes how Corridor operat!OnS weremodeled (3. I3.2), and lios
base data for l982 were derived (3,3 3.8).
The primary reference for data-gatheringtechniques iSa pair of
Corridor studies prepared by Peat, Marwick, Mitchell andCompany
11,6]. These are referred to in the sequel asthe "PM M studies''.
§3.1.('liaracieristiesofthe Northeast Corridor
The base-run Northeast Corridor comprisestourierniiflalS.,Boston,
New York, Philadelphia, and Washington.Scheduled trains connect these





Cars arriving at a terminal may move onimmediately in the same direc-
tion, or may be stored for use in latertrains in either direction. A fixed
mininium amount of time (in addition tothe normal stopover time) is
required to change the direction of a car.
Also in the Corridor are seven intermediateslaion.s.as shoss n in Fig
ure 3. Trains arescheduled to stop at these stations, hut cars maynot he
stored or switched there. Includingboth terminals and intermediate sta-
tions, the corridor comprises IIcities.,eonnectcd by 10 north-southlinks.
For purposes of the 1982 base run, carsin Corridor service are as-
sunied to have a uniform capacityof 75 passengers. Station site is taken
to be 14 cars; trains requiring morethan 14 cars are to be run in multiple
sections of 14 cars or less each. Eachsection is assumed to require one
locomotive.
§3.2.Modeling Northeast Corridor Service
The Northeast Corridor is modeled as acorridor network with turn-
around delay, as defined in §1.5.
The set of C of cities in themodel comprises the four Corridor
term in a Is:
C = IBoston, New York,Philadelphia. Washington}
Intermediate stations can be omittedfrom this set, since they are not














I gu re 3Termu n a Is and in1ern1edijsta 0 onsiit he No rt hea si (orrdoras nodded h the base run.
MAJOR STATIONS (NALF-NOURIY
SERVICE)
C MINOR STATIONS (HOURLY SERVICE)RVICE)
ded by
intermediate statiotis are used to determine the ni inimuill size ol cacti
train, hoever. See §3.4 3.6.1
The models schedule-period is one day, partitioned into a set of
intcrvak T representmg minutes of the day. I lece th' number of p:iril-
tjon intervals, r, is440.
The schedule, S. lists the arrival and departure ternunal ni cacti train
and the corresponding at rival and departure times to the nearest minute.
Its construction is described in §3.3.
l'he demand for each trai iiis calculated 1mm anti ual patron ae lore-
casts by the methods described in §*34 3.6. A towerlimit drE1, t] and
upper limit h[', I] on each train's size is then derived from itsdemand,
as explained by §3.7.
The turnaround delay ñ is fixed at 20 minutes, for reasons setforth
in §3.8.
§3.3. The Schedule
The Il-city base schedule is an updated version ol' thatemployed iii
the PM M studies II, 6].It assumes generally half-hourly service to the
terminals and major intermediate stations (Provideiiee, NewH aven. Balti-
more), and hourly service at minor stations (NewLondon, Stamford,
Trenton, Wilmington). Appropriate reductions arc madelate at night and
early in the morning, when demands are very low.
Segment trip times for 1982 are assumed to he approximately asfol-
lows:
Segment 'Trip (mu'
BostonNew York 3 hours 40 minutes
New YorkPhiladelphia I hour1 minute
PhiladelphiaWashington 1 hour 38 minutes
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Trip times for individual links are calculatedaccordingly. Allowance is
made in addition for stopover times of about 5minutes at New York, and
1.25 minutes at other stations. It isassumed, however, that trains do not
save any time when theyskip stops at minor stations.
The lull Il-city schedule is used incalculating demands, as described
below (3.4 3.6). In forming the transshipmentnetwork, however, only
the arrival and departure times at theterminal cities arc employed. (The
full base schedule is printed in 4].)
§3.4Design-da,v Patronage
Annual patronage for 1982 wascalculated by use of a computer-
based model developed in oneof the PM NI studies6I. The input data
were those derived fromPM M's "base assumptions''with the cxccptioll
of trip times, which were increased toreflect the base schedule (3.3).L
Fhe PM NI modelestimates ann nit1 two-waypatroilage forindivjl ui statu)n-pairs in tile NortheastCorridor. Annualone-waspatronai!e corn puted hha1vintheo o-e aligures A Uepsible are omitted. either hccaucthey could nut hecparated frontotherptr, LII- hei-i 'e cornpetwye eaulnlUte serVieCis a' ailahle fortheirtraveleN All of these excludedpairs are short distance, andare (Iceilled tohe rek1_ tivelinsienilicant to ('orridorservice.
The base run modelspatronage for a de.igi: Iav.ealcula tedas 1/270 of the annualamount. Ihis concept ofdesign day,representingapproxi. mately the 10th busiestday of the year, hasbeen employedin engincerjn studies ot the NortheastCorridor 2.pp. 3 351 and infleet-sizingexped- nients l, AppendixC!.
.5. 1)enuznd 1)LctribuIioU.
The base run employsa set of cumulative demand
functions toderive the patterils ofdemand betweenstation-pairs overa da. Following
a method of the PM NIstudies ii, pp. ('.7 C'.I 4, demandfor servicefrom a larger station toa smaller one is takento he departure-based
(that is, th- peiidcnt upon thetime of departure).while demand forservice froma smaller to a largerstation is arrival-based(dependentupon time ofar- rival). Demandbetween cities ofcomparable sizeis determined byaverag- ing arrival-basedand departure-baseddistribution tunetions. ihe demanddistributions employedin the baserun are derivedfrom bimodal gaussian-likeprobability distrihutions*lIt to actualarrival and departure counts forlnesdav. May 21.1974. This datewas chosen be- cause it all'orded actualticketing data, andwas uninfluencedby special weekend or holidaypatterns. Couius couldhe made, however,for onlya small number ofstat ion-pairs, especiallyas no in formationwas available for tripspassing through NcwYork. Inconsequence, actualdistributions were fit for ten particular
pairs Oill', and theseare used to approximate the distributionsfor otherstation-pairs (see [4) forfurther details).
*36. Et/i'et ireI)einwids Over5iientc
For everyscheduled trainover a segment,there is an ej/i'ciivede- mand: thenunt her of'passengers that thetrain in U Staccom iii OdittC to guarantee everyonea seat at all pointson the route. Efl'ective
demands are determined for thebase run in thefollowing steps:
5/aiwn-piir demands.(ilven one-iv patron age data(*3-4) and cumulative demandfunctions(*3.), a design-daydemand is calculated
*'fhCsi,dtsirihuiiosere denved aiicte,.iiniicd b \\:dter
N1cseht'r and Alan Welhng-
ton at the Tra1iprtats)n
S oeins ('enicr. U S. t)cparimeni
ot Transportation. Seclurthct

































br every scheduled trip between apair ot stations in the Il-city schedule
(excluding certain statioil-palrs as explained in§3.3).
Link (/eniam/clotal demand for antrain over a ei cu link is coin-
isdSUW ot all station-pair dcin:idth;il involve tiael Over thi!t
link.
For example, total demand for a typicalscheduled train over the Wil-
niington_Pliiladelphta link does not include only passengerswho get on t1
Wilmington and disembark atPhiladelphia. Some passengers who geloIl
at Philadelphia begantheir trip in Washington or Baltimore: sonicho
start at Wilmington will stay on to3renton, New York, or a station
further north; and sonic passengersboth start south of Wilmington and
terminate north of Philadelphia.Demand for the train br all such station-
pair trips must he added todetermine total demand for the train overthe
Wilni ington-Philadelphui link.
Maxmwl-Iink demands.For every traill over a particular segnicilt.
there emerges from the linkdemands a maximal link over which dcniaiid
is highest. A I rain accommodatesall passeiigcrs over a segment onlyift
meets demand over themaximal link, since cars cannot headdedith in
the segment. Hence the effectivedemand for each train is equal to the
train's maximal link demand.
For instance, say demand for aWashington_PhiladelPhia train is 197
passengers over theWashington-Baltimore link, 237 over theBaltimore-
Wilmington link, and 225 over theWilmington_Philadelphui link. The
maximal link for that trainis then Baltimore_Wilmingtoli,and effcetise
demand for the train is 237.
§3.7. Minimum and MaximumTrain Si:ec
For the base run, cars areassumed to hold 75 passengers.Hence if (1
is the effective demand for a train,its minimum sue is:
<(1/75>
(here angle brackets denotethe least integer greater thanthe enclosed
value.)
The maximum size of atrain for the base run is thelesser oft\s 0
limits, one related to load factor,the other to station length
Load_factor limit.Due to imbalances indemand throughout the
day. sonic trains will have tobe run with more thanthe absolute ifliflifliuill
number of cars. It is reasonable,however, to limit the numberof these
deadhead cars to some proportionof the train. Specifically.in the base run
no train is allowed tohave more ears thanrequired to meet ts ice its ef-
fective demand, with the provisothat every train nia) have atleast 2 cars.
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In ternl. 01(1, this limit is:
iP;i\( 1/75, 2)
lt1t is t(4011 c loadidol ocr the ixmal Iiiikto b lc; reasonably near the reqitirenleilt heconitng stricter at krgerd.
5tdllion-leugth limit.Plans lo r 1982 isstiille that St ations svillhold most 14-car trains (*. I). When more than 14cars are assignedto a train one or more extra sectiOnS mUSthe put OIL einployiiigan equal numberat extra Ioeonloti\es. loprevent unnecessa rvextra sections. thebaserui requires that the numberof sectiOns actuallyrun he nogreater than <(d/75)/ 14 > the riuiiiherol sections requiredto meet eflectve
deniand This translatesto an upper limit oncars ot:
14 < (l/75 )/ 14
lfd/75 is 12,6, brinstance., this upper limits 14; hut if d/75;s 15.2, two Sections are needed inan\ event, and the lim itis 2$,
The load-factorupper limit is the lesserone for demandsunder 525 passengers (7 cars). At largerdemands, thestation-length limitpredom- inates.
For the baseruii, only 5 trainsrequire as many astwo sections; three 1mm Philadelphiato Ness York in themorning, andtwo from Ncv\ork to Philadelphia in theallernoon. Most othertrains of 7 ormore cars are also on the NewYork-Philadelphiasegment.
.8. Turnaround !)elai'
For the baserun a delay of 20minutes (in additionto the regular stopping time builtinto the schedule)is postulated wheneverthe direction of a ear is changed.This time is deemedsufficient tocover switching under 1982 conditionsplus any lags intile arrival ofextra sections. It happens thatfor the baseschedule anyturnaround delay from9 to 20 minutes hasthe same effect.A delay ofmore than 20minutes requires additional earsat Philadelphia.
4. BASE RuNsWmi iiii:NORIUtAST CORRIDORDATA
Computerprocessing and its resultsl'or the baseroil are discussed in this section.The principalcomputing toolwas the SESAME linearpro- granimingsystem developedat the NationalBureau of EconomicRe- search


























factor (*4.3): niinimunl total operatingand capital cost (*4.); and min-
imum turnaround switching (*4.5).Further anak ses included sciisitivit
to demands (*4.6) and requirementsbr locomotives (*4.7).
*4.1('oniputiugi/IcBase i)aia
Estimates of l982 rail patronage (*3.) wereproduced by running a
computer simulation prog -am adaptedspecially for the PM NI demand
study [6]. This program projects businessand non-business use of four
modes of travel: rail, bus, air, arid car. Asubroutine was added to bile total
rail patronage only, in a format suitablefor subsequent processing.
The patronage data tile, plus a file representingthe full schedute, then
served as input to a demand-calculating program.This program employs
cumulative demand functions for station-pairs tocompute eb1'ceive de-
mands, and consequent tipper and lowerlirmis, for each train (as de-
scribed in §*3- 3.7).
Principal output from the demand program is a setof tables, repre-
senting the schedule and otherinformation, that can be read by an L1
matrix generator (*4.2). In addition, setsof alternative train-size limits are
filed in a form thit allows any one set tohe read into the matrix.
§4.2. Generating1/ic Mode!
An LP equivalent of the netsorkmodel was generated in a form suit-
able for computer processing byDATAMAT, a subsystemof SESAME
[3]. A program in the DATAM \T macrolanguage was written for this
purpose.
Upper and lower limits on train-sizevariables are not generated as
explicit constraint rows: they areincorporated in a "bound set" that is en-
forced implicitly by SESAME's simplexalgorithm. Actual limit values are
also absent at this stage: they areread in from a separate tile just before
the model is solved or analyzed. Thisarrangement facilitates workingith
several sets of limits, as was done, forexample, in the sensitivity analysis
described in §4.6.
The LP generated by the DATAMAT programrepresents a reduced
network, duplicated to distinguishnorthbound and southbound cars in
the corridor (**l.3, 1.5). For thebase schedule, the t.P representation re-
quired 1275 structural variablesand 528 constraint ross.
§4.3.MinimizingCarsand ('ar-Miles
The base-run LP was solved by useof SESAM E's standardprimal
simplex algorithm. A feasiblesolution was obtained (startingfrom an all-
slack basis) in 665 iterations,and an optimal solution forthe minimum-





























































































































































0for the minimum-car-miles objective, 7M' was also found. A max ml urn
system load laclor, Z, wasdetermined trorn 7M, asthese two objec-
tives arc inversely proportioiial (2. I ).
The values of the objectives at their optima for the base data are:
miii =164 cars
iii in =131388 car-miles
max/11. = 74.15°,,
§4.4. MinimizingOperating P/us Capital('osi
Following the analysis Set torth in §*2.3 2.5, the next step was to mm-
inlize total "operating'' and "capital'' cost of the base model. SESAM F's
algorithmfor parametric analysis ol the objective fanction was employed
for this purpose.Partoftheprocesswas automatedby useof smallpro-
gramswritten in the SESAME commandlanguage.
The properties of an optimalsolution dependupon the value of
p-g /PL F.' the ratio ofcapital cost/day to operating cost/in ile. For the
base data, there are three significantly dill'erent regions intowhich this
ratio mafall:
Capital cosi/dai' > 45() x opera1:ncost/mile.Here capital cost
dominates: in any optimal solution the number of cars is at its absolute
minimum, 164. Theminimumnumber of ear-miles per day, given (64
cars, is(35978: and the system load factor (which isinversely propor-
tional to total car-miles) is 71.65°..
450x operating cost/milecapital cost/dayISO x operating
cost/mile ..At this level the influence of capital cost declinessomewhat.
The numberotcars inan optinial solutionincreases to 167:car-milesper
daydecline to 134628 (system loadfactor 72 37°c).
Capital cosi/dai < /80 x operating cost/mile.Flere operating
cost dominates. In an optimal solutioncar-miles/day is at its absolute
minimum, 131388 (system load tactor 74.15°)). whilethe number of cars
in tile system increases to 185.
The results are shown graphically in Figure4. Clearly the biggest
jump is at critical ratioPCAR/PMII.E =(80, the round-trip distance be-
tween New York and Philadelphia. Atratios below this point, buying an
extra ear is economical even ilit saves just one NeYork-Philadelphia
run. At higher ratios it pays to buy asmaller fleet, running each car (on
the average) more miles ever\ day. The size ofthe jumpabout a
ditTerenee in fleet size--is not surprising. Demand is heaviestalong the
New York-Philadelphia segment. and is highlyunbalanced: northbound
travel peaks in the morning, while southbounddemand is highest in the
3930
Fiturc 5The th teeluitreglons tot the bascIII Fl.plotted a' :iii ridtoncapital eo dat and opccatriig cot/mile. A Iteritat it C projectioiis ot the act ual rat to olthce aniountsIn I92 are indicated ht Xs.
afternoon. Consequentl,a fair amount ofdeadheading can heavoided i a larger fleet is avaiiabk.
The otherjump. at PK/Ps1ft= 450. represents a pointat v hich the cost of a car equalsthc cost of runningit from Nct Yorkto Washington and back. Thisis a iai rh iiisitznilicantcriticalratio. hots ever,as the optnllum at ratiosbelow 45() requiresonly threecars inure thanthe optimum above 450.
Several estimatesof the actual
P1/Piitiderived froma PMM fInancial analysis[I, arc plotted against the criticalratIos in Figure'. Th estiniates suggest thatPc\R/PsIttprobahi) fallsinto region (I), andhence that capitalcost is Probablypredonthiant. (Moreover.ii the ratio ii notin region (I) itappears very likelyto he in region (2),where the opitnintiolu- tion is not muchditThrcnt.)
§4.5. MinimizingTurnaround














predoni nate, a solution was found to:
lillil t5it( AR
ihe optiriial 'ltie ii /i(:k\ is not particularly revealing: hut the 11ti\
of ears hcin2 ttir!led a ron id at N' \'-rk at-id Ph il;iilelphio is ol interest.
No northbound car is ever turned around at Philadelphia, and Fit) south-
hound car is ever turned at New York. Cars running north from Philadel-
phia arc held in storage at New York mostly in the morning,hen north-
bound travel on the Philadelph ia-NeYork segment predom;nates. Ca N
running south Irom New York arc held at Philadelphia mostly inthe
alteriioo ii. when southhou rid ti aflic is dominant on the segment.
In effect, many cars are needed on1y for the Philadelphia-NewYork
segment, to satisfy peak demand north hound inthe rnorniiig and south-
bound in the afternoon. This suggests a revised schedule inwhich New
York-Philadelphia shuttle trains are run at peak hours, in addition to the
usual through trains.
§4.6. 5eiLuliiUt' to I)i',na,u/
Demand projections are inherently uncertain. They arebased on
approximate data, and their postulations are open to question.A PM M
study of Northeast Corridor demands [61. forexample, estimates 1982
patronage at anywhere From II to 23million passengers. depending upon
assumptions about costs and travel times.
It is thus essential that the model be sovedfor a range of demands.
Fortunately, this can be done by SESAM F in an especiallyellicient Wa,
by taking advantage of two characteristics of themodel.
First, a change in demands does not changethe model's row and
column structure: demands affect only the lowerarid upper linìits on the
train-size variables. Consequently, the LP inatrix need be generated only
once for each combinationof schedule and turnaround delay. Sets of
limit values are flied separately just beforethe model is to be solved or
analyzed, SESAME is instructed which set oflimits to use with the pre-
viously-created matrix. Any different set oflimitsis easily substituted
whenever desired.
Second, different sets of demand limits for the samemodel tend to he
similar, and hence their optimal solutions aregenerally close together. As
a result, it is not necessary tosolve from scratch for each set ofdemands.
An optimal basis for one demand set is a verygood starting basis for
iterating to an optimum for anysimilar set. SESAME's dual simplex
algorithm is especially useful for this purpose,since changing upper and
lower limits does not violate dualfeasibility.
For the base run, alternative estimatesof effective demands were
first derived through scaling the base patronageestimates ha constant
395FigureMni t(\R (right scale) and tutuMI F1(AR (kit scale) as a Itnietion o
annual patronage. The sinai) graph slioss the general lornts ot these functionsas patronage
approaches ,cro tint intinitv.
factor: then upper and lower limits were determinedas before. Nine
factors, ranging from .7 toI .3, were chosen. For each, a separate set of
upper and lower limits was filed by the demand program (4. I).
An analysis of total capital and operalingcost was performed, in the
manner Oft4.4, for each set of scaled demands. The overall patternis the
sanie as that for the base demands: the only large jumpis at PCAR/PMII=
180, where the capital cost ofa car equals its operating cost from New
York to Philadelphia and hack. Thereis some variation in the minor
jumps, the one at 450 (NeYork-Washington) Sonletimes onl!ttcd, and
one at 462 (New York-Boston) occasionallyappearing: hut none of these
jumps is associated with a significant changein the solution.
Figure 6 shows cars and ear-miles plottedagainsttotalannual
patronage for the case in which capital cost predominates.These slightly
convex curves are fairly close to lines through the origin,especially within
a limited range (say. 20", around tile base data). Henceas a rule of thumb











ofear-iniles that must he mu With 111 mini at fleet, are roughly proportional
to total patronage:
lUjO tUtfl fl3(totanul patronage)
miii /MiI.i .0O6(total an nual patronage)
(In fact, both cars arid car-miles do approach proportionality to patron-
age as the latter goes to intinit. Ibis is because at "erhigh demands the
problem is virtually contin uous, so that any increase in total demand can
he met bJust increasing the Size ol each train in the same proportion,
with rounding in negligible aiIIOUiltS. At fairly small demand, on the other
hand, the rntegrality ol the problem comes into play. A relatively large
amount ot excess capacity is run simply because demands are rounded up
to the next integer, and hence the acttmal curve for cars or car-mites runs
somewhat above the line of proportionalitysee small graph in Figure 6.)
Many riiorc sophisticated sensitivity analyses are conceivable if one
allows patronage between different Station-pairs to vary at different rates.
For example, one might use annual patronages computed under different
assumptions: or one ni ight apply different cunru lative probability distribu-
tions to one set of annual patronages.
§4.7. Loconwtire Require,neni.r
The upper-limits rules for the base run (3.7) insure that the number
of 14-car sections that must he run to meet each train's demand is fixed: if
demand is 14 cars or less, one section is rtin: if demand is greater than 14
but not more than 28, two sections are run: and so forth. Hence, assuming
one locomotive per section, one can tell exactly how mans' locomotives
will be required for each train in the schedule, in any feasible solution. The
analysis oft .7 is thus applicable: locomotive demands can he substituted
for car demands to determine the number of locomotives required and
how far they must travel.
Only 5 trains in the base run required two seetioils (and hence t' o
locomotives): the remainder all required one. One-section trains were
given an upper limit of two locomotives, and two-section trains an upper
limit of three (for up to 21 cars) or tour (for 22 28 cars). Sets of limits
were computed and filed by the same demand program used for niodeling
cars (4. I).
Solving the model with the techniques applied previously to ear de-
mands, it was determined that a single solution minimized both the num-
ber of locomotives required (31) and the number of locOrTlOtiVe-nliles run
(34074). Only 4 sections, all southbound, had to be run with an extra loco-
motive.




cre also applied to !oconlottves. Ihe case at 70'of base denianj
, tittres only one locomotive br evcrscheduled ta in; hence 2)loeop
livess an absolute t)ifltHlltltfl lOr the bise schedule.
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